
 

Fouriertransfo.me generaldefinition

In general if G is a locally compactabelian

group then there is unique left translation
invariant measure on G up to scaling called
Haan measure

for G R Haan measure is theusual Lebesgue measure

G is discrete then Haan measure is the
counting measure

f f dg Jeff's
G Rio integralgiven by Haan measure is

GfK CE since invariant under multiplication
of by a constant

Definition If 6 locally compact abelian group
with Haan measure dg and felt G
define f I 1C givenby
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For this course we'll only be interested in
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Proof Define F x Ex fintx
Then FES IR 2 can be verifiedfromdefinitions
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Mellinransform

Definition Let f 10,0 be suchthat
y fly 0 as y 0 for all NEW
There exists aer such that 1g fly

bounded as y 0

TheMellin transform of f is the function

M f Is fWxˢᵈ
The integral converges and defines a holomorphic

function for Recs a

Remy is the invariant measure on Rso

Rio y y oer IR

If If ᵈ co I so felt Ro

then the integral converges on in and
it equals the Fourier transform on Rso
We can view Mellin transform as a complex

analytic continuation of Fourier transform



If f IR 0 then f log Rs

and F f g M to log zitiy

Similarly if g Rso e then goexp IR
and M1971s F goexp 1
whenever the transforms are well defined

The Mellin transform is up to scaling by vii

the image of the Fourier transform under

the homomorphism exp R Roo

The maps XS are quasi characters

of the multiplicative group

Properties Let f 10,0 a sit fencex as 0

and f x ax as 00 for all N e DU

Let at IR and v70 define g x f x
Then Mg s is defined for Reis atra

and it satisfies Mig s IMA SIG
If f is differentiable then Mlf definedfor

Reis sat 1 and it satisfies MIF s 11 5 Mlf S 1



Ifgix flax for as 0 then M g s α Mlf s

If g x fix Mig defined for Recs 2 a

and Mig s Mlf s

If f Cillo 07 compactly supported
N times differentiable and s stit then
Mlf s On 1 161

Inparticular Mellin transform of a smooth compactly
supported function is entire and rapidlydecaying
on vertical lines

theorem Mellin InversionFormula
Let f 10,0 smooth rapidly

decaying at 00 and fix ex as 0

for some real number a

Then f x MAHS X'sds
for any real c a

Proof Replace f x by x f x if necessary
we may assume a 20 so can choose C 0

f MAICS X Is

f F fo exp x Is
CO



F f exp s expertis log x ds

f exp lagx f x

Example

Gamma.fi ffgetjidy

MIe71s
for Recs 0

e f P six'ds
Performed Letgex 0M

We have that for Recs so Mig s

We saw that for c O

glx ds
centrallemnee inproofofPerror

If Efm is absolutely convergentat s c then

fin Efim91 4 s



i IE.i.fi t tiat
function insted
Let V 10,0 R smooth compactlysupported
on 0 23 such that V X 1 for 1

Let Tcs NIV s

Then w̅ to it 2411 14 no 10025400

Then Etm V 4 s TIS ds

Advantage Ñ S has rapiddecay on vertical
lines this will always converge if LIS grows
at mostpolinomially on vertical lines also
easy to bound line integrals if we shift line
of integration to apply residue theorem
Another example

Ifn é s Ms ds



Propitiesafarfunction
Lemmy For this so we have MS PCS

Proof Integration by parts

pis é dx té F c E dx

1H
Corollary Pis has meromorphic continuation to the
entire complex plane withpoles only at the
non positive integers

Proof 115,1 is a meromorphic continuation of PCs

to Recs 1 with a simple pole at 5 0

By induction for any new

Pcs Ef.I.mn
and this defines analytic continuation to Recs s n

with poles at at 5 0 1 n t



We have Been 5 and PM In 2 fr new

Can view PIS as a generalisation offactorial
to complex numbers

Theorems For sea MS kiss
an

Proof We see that y L y dy y y5dy

using integration by parts Using this recursively

y 41 yjdy J.IE nfy dy

III Sin
We do the substitution y In this becomes

joy 1 E dy III sins
Here of course we wantto take the limit as a 00

and use that king 1 In e



Define guly y 12
45 if ye 0in

0 otherwise

We have that line july y éL

Since 1 In E it then Iguy y e't

Therefore by dominated convergence theorem wehave

MS thingguy dy bing.fgncydytrksw

k.it Isini
The conclusion follows from the meromorphic

continuation of PCS

theorem For all see setsEllen é
where f is the Euler Mascheroni constant

Proof We firstnote theproduct converges absolutely
for all see Indeed
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In 1 0 20

It converges uniformly on compactsets hence RHS
is a holomorphic function on sad

We see that

18m Sn's latte
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sexlsl te logn eIl1
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Let n o conclusion follows

Theorems Euler's reflection formula
For all see S P 1 s Ifs

Proof We have that
resinas E L i njti.si ena s

L ask.it sIi.En s
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We use that sina.IT 11
Conclusion fallows

Remand This implies TTI

Corollary Non vanishing of S

P S has no Zeros

Proof We know sinus is entire nopoles
hence 715 711 5 Eg has no Zeros

Conclusion follows since poles of s are at
OU L N but Pin In 21 0 for all new


